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1. Boltzmann/DiPerna-Lions

We consider kinetic densities F'(v, z,t) over velocities v € RY and posi-
tions € T at time ¢ that are governed by the scaled Boltzmann initial-
value problem

1 .
eF +v-NVpF = —~B(F, F), F(v,z,0) = F"(v,x) > 0,
€

where the collision operator 5 is given by

B(F,F) = //SD—lxRD(F{F/ — F1F)b(w,v; —v)dwdoy .

Recall that the F}, F’, Fy, and F appearing in the above integrand des-
ignate F'(-,z,t) evaluated at the velocities v, v/, v1, and v respectively,
where the primed velocities are defined by

v] = v —ww-(v1 —v), V=v+ww-(vy —v),

for any given (w,vq,v) € SP~1x RP x RP.



Collision Kernels

In order to avoid overly technical hypotheses in this presentation, we will
restrict ourselves to collision kernels b(w, v1 — v) in the factored form

b(w,v1 — v) = b(w-n)|vy —v|?, (1)
where n = (v1 — v)/|v1 — v|. We will require that

—-D<pB<?2 and /SD_lg(w-n) dw < 0. (2)

This includes the classical collision kernels for elastic hard spheres (for
which 3 = 1) and for repulsive intermolecular potentials of the form c/rk
with & > 25—;& (for which 3 = 1 — 22-1) that satisfy the weak small-
deflection cutoff condition.

In this setting the work of Golse-Saint Raymond (Inventiones 04) treats the
case where 8 = 0 and b satisfies the more restrictive Grad cutoff condition.
This extension of their result is by L-Masmoudi.



We will consider fluid dynamical regimes in which F' is close to a spatially
homogeneous Maxwellian M = M (v). It can be assumed that this so-
called absolute Maxwellian M has the form

1
(QW)D/Q
We define the relative kinetic density G = G(v,z,t) by FF = MG. The
Initial-value problem for G is

M(v) =

exp(—5|v?) .

1 .
e0G +v- VG =—-9(G,G), G(v,z,0) =G"(v,z), (3)
€
where the collision operator is now given by
1
(G, G) = MB(MG, MG@G)

(4)
— //SD_lxRD(G’lc;’ — G1G) b(w,v1 —v,) dw M1dov .



Normalizations

The nondimensionalization given last time yields the normalizations

/ Mdv =1, / dz =1,
RD TD

associated with the domains RY and T2, the normalization

///SD_lxRDxRD b(w, v, — v) dw Mydvy Mdo = 1.
associated with the collision kernel b, and the normalizations
// G Mdvdr = 1, // v G Mdvdz =0,
RDxTD RDPxTD
] o plvPGT Mdvde = 2.
RDxTD

associated with the initial data G*™.



Notation

In this lecture (£) will denote the average over RPL of any integrable function
¢ = £(v) with respect to the positive unit measure Mdo:

(© = [, &) Mdv.

Because du = b(w, v1 —v) dw M1dvq Mdw is a positive unit measure on
SP—=1x RP x RL, we denote by <<E>> the average over this measure of
any integrable function = = =(w, v1,v):

()= s =260
The measure du is invariant under the coordinate transformations

(w,’U]_,’U) = (w7U7U1)7 (CU,’U]_,’U) = (w,v’l,vl) .

These, and compositions of these, are called collisional symmetries.



Conservation Properties

Recall that the collision operator has the following property related to the
conservation laws of mass, momentum, and energy.

For every measurable ¢ the following are equivalent:
e ( € span{l,v,,--- ,’UD,%|’U|2};
e ((Q(G,G)) = 0 for“every’ G,

o (1 +¢ —¢1—¢=0forevery (w,v1,v).



Local Conservation Laws

If G Is a classical solution of the scaled Boltzmann equation then G satis-
fies local conservation laws of mass, momentum, and energy:

e0{(G) + V- (WG) =0,
e(vG) + V- (v®vG) =0,

e Oy (5|v|°G) + V- (v5]v]°G) = 0.



Global Conservation Laws

When these are integrated over space and time while recalling the nor-
malizations associated with G*™, they yield the global conservation laws of
mass, momentum, and energy:

[ 6@y de= [ @ de=1,
/TD<’U G(t))dz = /TD<U G dz =0,

/TD<%|U|2G(75)> do = /TD%WGZ'% do =2



Dissipation Properties

The collision operator has the following properties related to the dissipation
of entropy and equilibrium. First, for “every” G

log(G) Q(G, @)) = _<<% log (glg> (GLG — G1@)>> <0.

1

Second, for “every” GG the following are equivalent:

e (log(G) O(G,G)) = 0;

e O(G,G) =0;

e MG I1s alocal Maxwellian.



Local Entropy Dissipation Law

If G Is a classical solution of the scaled Boltzmann equation then G satis-
fies local entropy dissipation law:

€9 ((Glog(G) — G+ 1)) + V% (v(Glog(G) — G+ 1))

L log(6) 0(G, &)

€

— _% <<% log (gﬁg) (G1G — GlG)>>

<O0.




Global Entropy Dissipation Law

When this is integrated over space and time, it yields the global entropy
equality

1 [t .
H(G@) + 5 | R(G()ds = H(G™),
€
where the relative entropy functional H is given by

H(G) = | (G10g(G) — G+ 1))dz > 0.

while the entropy dissipation rate functional R is given by

R(G) = /TD <<% log (22) (GLG — GlG)>> dz > 0.




DiPerna-Lions Theory

The DiPerna-Lions theory gives the existence of a global weak solution to
a class of formally equivalent initial-value problems that are obtained by
multiplying the Boltzmann equation by ’(G), where I’ is the derivative of
an admissible function I":

(ca+v-%)M(@) = - T(G)QG, ),

G(v,z,0) = G"™(v,z) > 0.

This Is the so-called renormalized Boltzmann equation. A differentiable
function I : [0,00) — R is called admissible if for some constant C- < oo
It satisfies

|I"(Z)|§ \/10_"__72 forevery Z > 0.

The solutions lie in C([0, c0); w-L1(Mdvdz)), where the prefix “w-" on
a space indicates that the space is endowed with its weak topology.



Renormalized Solutions

We say that a nonnegative G € C([0,00); w-L1(Mdvdz)) is a weak
solution of the renormalized Boltzmann equation provided that it is ini-
tially equal to G, and that for every Y € L°°(dv; C1(TP)) and every
[t1,t>] C [0, 00) it satisfies

¢ [ AT(G2))Y) do — e 4D<r<c:<t1>> Y)da
—/tl AD<r(G)v-%Y>dxdt

— %L:%D<r’(c;) O(G,G)Y) dxdt.

If G is such a weak solution of for one such I" with '’ > 0, and if G satisfies
certain bounds, then it is a weak solution for every admissible I'. Such
solutions are called renormalized solutions of the Boltzmann equation.



DiPerna-Lions Theorem

Theorem. 1 (DiPerna-Lions) Let the collision kernel b satisfy (IH2)). Given
any initial data G*™ in the entropy class

E(Mdvdz) = {Gm >0 : H(G™) < oo},

there exists at least one G > 0 in C([0, o0); w-L1(Mdvdz)) that is a
renormalized solution of the Boltzmann equation.

This solution also satisfies a weak form of the local conservation law of
mass

eO(G) + V- (vG) = 0.



Moreover, there exists a matrix-valued distribution W such that W dz is
nonnegative definite measure and such that G and W satisfy a weak form
of the local conservation law of momentum

eO{vG) + V- (VRUvG) + V- W =0,
and for every t > 0O, the global energy equality

| BlelPe®)dz+ [ Juw@)de= [ ApPe™) do,

and the global entropy inequality

HGW)+ [ 3ev@)de+ 5 [ RG() ds < HEG™).



2. Navier-Stokes/Leray

We consider fluctuations in bulk velocity u(x,t) and temperature 6(x,t)
over positions =z € T at time ¢ that satisfy the incompressibility condition

and are governed by the Navier-Stokes initial-value problem

u+ u-NVou 4+ Vop = v u, w(z,0) = u'"(z),

| 6)
%(&59 + u- Vx@) = kAz0, 0(x,0) = 0" (x).

Here v > 0 and k > O are the coefficients of viscosity and thermal con-
ductivity.



Hilbert Spaces for the Leray Theory

For the Navier-Stokes system with mean zero initial data, we set the Leray
theory in the following Hilbert spaces of vector- and scalar-valued func-
tions:

letH=H, &oH,and V=Y ¢ V.



Weak Solutions

We say that (u, ) € C([0, 00); w-H) N L2(d¢t; V) is a weak solution of the
Navier-Stokes system (BHB) provided that it is initially equal to (u'™, §°7),
and that for every (w, x) € HN C1 and every [t1, t5] C [0, c0) it satisfies

/w.u(tz)dw—/w-u(tl)dw—/t:Q/wa:(u®u)da:dt

t
— —1//2 Vow : Vou da dt
t1

/XH(tQ)dCU—/XH(tl)dCU—/tjz/VgCX'(ue)dwdt

= 2 /752 V/ V.0 dx dt
= %2 K . x i
DI?D " X *© Vx



Leray Theorem

Theorem. 2 (Leray) Given any initial data (v, 0'™) € H, there exists at
least one (u,0) € C([0,00); w-H) N L2(dt; V) that is a weak solution of
the Navier-Stokes system (BHE). Moreover, for every t > 0, (u, 0) satisfies
the dissipation inequality

t
/%lu(t)l2 + £F210()[?dz + /O/u|%u|2 + k|V0)%dz ds
< [ 32 4+ 22107 2dz.

Remark: If for some initial data «** € H, there is a strong solution of
the Navier-Stokes motion equation over some time interval then for every
6" ¢ H, the initial data (u", ') will have a unique Leray solution of the
Navier-Stokes system (BHE) and the associated dissipation inequality will
be an equality over that time interval.



3. Main Results

Our goal is to show that the Leray Theorem is a consequence of the
DiPerna-Lions Theorem. In the formal connection between the Boltzmann
equation and the Navier-Stokes system we saw that the fluctuations of the
Boltzmann solutions about M should be scaled as . We will achieve this
by considering families G¢ in the entropy class E(Mdv dz) that satisfy

H(Ge) < 0" for some C'" € R4,
We define the associated family of fluctuations ge by
Ge=1+4€gec.

We can show the family g is relatively compact in w-L1 ((14|v|2) M dv dz)
and that every limit point of gc is in L2(Mdv dz) with

o1 -
%/TD(gQ) de < liminf = H(Ge) < C"".

e—0 62



Weak Limit Theorem

Our central result is the following.

Theorem. 3 (Weak Limit Theorem.) Let the collision kernel b satisfy (1H2).
Let (u'™, 0') € H.

Let GY be any family in the entropy class E(Mdwv dz) such that
H(G™) < C'"e? for some C'" € R4,
and such that the associated family of fluctuations ¢'” satisfies
_ . 1 5 N o in ni o
lim (M g™) ((pzlvl® ~ D g™)) = @™, 6™) in D',
where M is the projection in D/ (TX; RP) onto divergence-free vector fields.

Let G be any family of DiPerna-Lions renormalized solutions of the Boltz-
mann equation that have G¥" as initial values.



Then the family g of fluctuations associated with G¢ is relatively compact
inw-Li (dt; w-L1((1 + |v[?)Mdvdz)). Every limit point g of g has the
Infinitesimal Maxwellian form

g =v-u-+ (%|’U|2—%)97

where (u,0) € C([0,00); w-H) N L2(d¢t; V) is a weak solution with initial
data (u'™, ') of the Navier-Stokes system (B46) with v and « given by the
classical formulas that also satisfies the dissipation inequality

t .
[ Bu®P? + 22100 Pde + | [ vI%ul? + 5/%6)%da ds < O

Moreover, every subsequence g¢, of ge that converges to g also satisfies
the density limits

im (M{vge) ((pFalvl® = 1) ge)) = (u,6) in C([0,00); ).

k—o0



Remark: Whenever there is a unigue Leray solution for the initial data
(u'™, ™) over a given time interval, the family g will be convergent in
w-L1(dt; w-L1((1 + |v|2) Mdv dz)) over that time interval.

The weak solutions asserted above may not be Leray solutions because
we have not established the correct dissipation inequality. To do so, we
need to prepare the initial data better than was done in the previous theo-
rem. The main tool for doing this is the following.



Entropic Convergence

Let G¢ be a family in the entropy class £ (Mdv dz) and let g¢ be the asso-
ciated family of fluctuations. The family g¢ is said to converge entropically
at order e to some g € L2(Mdv dz) if and only if

ge — g in w—Ll(Md'U dx),
and

lim %H(Ge) =/T 142 da .

e—0 € D2

Remark: One can show that entropic convergence is stronger than norm
convergence in L1((1 + |v|2) Mdv dz).

Remark: For every g € L2(Mdvdz) there exists a family Ge in the en-
tropy class E(Mdv dz) such that the associated family of fluctuations g.
converges entropically at order ¢ to g.



Leray Limit Theorem

An important consequence of the Weak Limit Theorem is the following.

Theorem. 4 (Leray Limit Theorem) Let the collision kernel b satisfy (1H2).
Let (u'™, 6'") € H. and let g™ be the infinitesimal Maxwellian given by

gin — .yt 4 (%|’U|2 . D;I—Q) oin

Let GY™ be any family in the entropy class E(Mdv dx) such that the asso-
ciated family of fluctuations ¢'" satisfies

g™ — ¢'™ entropically at order eas ¢ — O.

Let G¢ be any family of DiPerna-Lions renormalized solutions of the Boltz-
mann equation that have G¥" as initial values.



Then the family g of fluctuations associated with G¢ is relatively compact
In w—Llloc(dt; w-L1((1 4 |v|2)Mdvdz)). Every limit point g of g. has the
Infinitesimal Maxwellian form

g=v-u+ (302 -L252)0,

where (u,0) € C([0, 00); w-H) N L2(dt; V) is a Leray solution with initial
data (v, #'™) of the Navier-Stokes system (5H6) with v and & given by the
classical formulas.

Remark: Whenever there is a strong Navier-Stokes solution for the initial
data (u'™, 6) over some time interval, the family g<(¢) converges entrop-
iIcally at order € as ¢ — O for every t in that time interval.



4. Outline of a Proof

The proof of the Weak Limit Theorem has nine steps:

1) show the limiting fluctuations are infinitesimal Maxwellians,
2) prove the incompressibility and weak Boussinesq conditions,
3) prove the dissipation inequality,

4) obtain a nonlinear compactness by velocity averaging,

5) show that the conservation defects vanish,

6) prove the strong Boussinesq relation,

7) establish compactness of the dynamical fluxes,

8) pass to the limit in the dynamical densities,

9) pass to the limit in the (quadratic) dynamical fluxes.



Limiting Infinitesimal Maxwellians

The fact H(Ge(t)) < Ce2 implies the family g is relatively compact in
w-Li (dt; w-L1((1 4+ |v|?)Mdv dz)).

loc

Let Ne = 1 + €2g2. The fact [§° R(G(s)) ds < C"e* implies the family
Qe _ GllG/e — Ge1Ge

€
4/]\[‘E €2 4/]\[‘E
is relatively compact in w-L} (dt;w-L1((1 + |v|?)dpdz)). Then from
the algebraic identity

91+ 9e —ger —ge _ 1 GaGe— GeaGe  ge19e — ge1e
N!{N!N.1 N e N!/N!N.N. N!{N!N.Ne¢’
we conclude that every limit point g of g, satisfies g7 + ¢ — g1 — g = O,
whereby it is an infinitesimal Maxwellian.




Approximate Local Conservation Laws

We have to pass to the limit in approximate local conservation laws built
from the renormalized Boltzmann equation. We choose to use the normal-
Ization of that equation given by

Z —1
[(Z) = :
=11z -2

After dividing by ¢, the renormalized Boltzmann equation becomes

~ - 1

€Otge + v - Vege = 6—2 r/(Ge) Q(Ge, Ge) ,

where

~ gE / 2 1

= —, (Ge) = — :
Je Ne ( 6) N€2 Ne

One can show that the family gc lies in C([0, 00); w-L2(Mdv dz)).



When the moment of this renormalized Boltzmann equation is taken with
respect to any ¢ € span{1,v,,--- ,v,,|v|°}, one obtains

0t(C ge) + %vx (v(ge) = % <<< r,(Ge) Qe>> -

This fails to be a local conservation law because the so-called conservation
defect on the right-hand side is generally nonzero.

Every DiPerna-Lions solution satisfies this equation in the sense that for
every y € C1(TP) and every [t1,t>] C [0, 00) one has

[ x (€t do — [ x (it do— [

i

— ; X% <<C (Ge) q€>> dx dt .

Approximate global conservation laws are obtained by setting xy = 1.

tor1l 5
z%X'@CQ&dxdt



Incompressibility and Weak Boussinesq

Letg = p+v-u—+ (5|v]° - 5)6 be a limit point of g. Pass to a sequence
ge, that converges to g and continue to call this sequence as ge.

If we multiply the approximate local conservation law by ¢ and let ¢ — 0O,
we find that for every x € C1(TP) and every [t1, t>] C [0, 00) one

t2
/t Vex - (v{g)ydxdt =0.
1

These are the incompressibility and weak Boussinesq conditions
Ve-u=0, Ve(p+6)=0.
The weak Boussinesq condition implies
pt 0= %/TDGU\QQ(M dz .

The right-hand side will vanish once global energy conservation is proved.



Dissipation Inequality

The family ge /N is relatively compact in w-Lj (dt; w-L1((14|v|?)dp dz)).
If ¢ is a limit point of g /Ne then g is in L2(du dz dt) with

1 ot
//TD4 dwds<|lm|nf—/ R(Ge) ds .

e—0 e

When this is combined with our earlier L2 bound on g, we obtain

1
/ g(t)Q dz -I-/ / d:c ds < I|m mf—H(Gm) < o
Thefactthatg = p +v-u+ (§|’U|2 — £ 6 and the fact that
’U-ng = //SD-lXRqudeldvl

can then be used to establish the dissipation inequality after we show that
p+ 6 =0.



Nonlinear Compactness by Averaging

The most difficult part of the proof is showing that

92
v/ Ne

where the attenuation a is given by
a(v) = //SD—lxRD b(w,v1 —v) dw M7idvq

= Cp /IR{D v — v|ﬁM1dvl :

One sees that a is a function of |v| only and that a ~ C’ﬁ|v|5 as |v| — oo.

is relatively compact in w-Li (dt; w-L1(aMdvdz)),

Remark: This kind of nonlinear compactness was assumed in the early
works of Bardos-Golse-L and Lions-Masmoudi. It was first proved for the
case 3 = 0 by Golse-Saint Raymond (Inventiones 04). The extension
given here is by L-Masmoudi.



Let ~ be defined by vGe = 1 4+ e~.. Then ge = 2% + e~2 and

g€2 2 4 4 4e e + €2
14+1iege 14 e%+122
Because ¢ v, > —1, it follows from the above that

9
1+ %e Je
Because 1/v/N¢and 1/(1 + %e ge) are comparable over €y >

9 2
<§'Ye

3.2
j’yeg

—1, the

above bound shows that the nonlinear compactness assertion is equivalent

to the assertion that

avZ s relatively compact in w-L} (dt; w-LY*(Mdv dz)) .



However, this assertion is a simple consegquence once we have established
the following two facts. First, that
dim 1, >ryave =0 in L} (dt; LY (Mdvdz)) uniformly in e

Second, that for every R € R
1{|U|§R}7€2 is relatively compact in w-L; (dt; w-L1(Mdvdz)).

The proof of the first fact rests solely on the entropy dissipation estimate.
A key tool is the relative entropy cutoff that was first introduced by Saint-
Raymond in her study of the incompressible Euler limit. The proof of the
second fact rests on the L1 velocity averaging lemma of Golse and Saint-
Raymond.



Vanishing of the Conservation Defects

The fact that the conservation defect term on the right-hand side above
vanishes as ¢ — 0O follows from the fact x is bounded, the fact ( is a
collision invariant, and the nonlinear compactness result. Specifically, we
can show that

H(er@aa) ~0 i (anLien) ase—o.

In particular, energy is globally conserved. The strong Boussinesqg condi-
tion thereby holds

pro="1 [ (vPg(®)de=0.

This also completes the proof of both the infinitesimal Maxwellian form of g
and the dissipation inequality. Only establishing the density limits and the
Navier-Stokes dynamics remains to be done.



Approximate Dynamical Equations

To obtain the dynamical equations we pass to the limit is the approximate
motion and heat equations

~ 1 - 1 - 1
(v Ge) + = Vo (AGe) + = Va(Fv|°Ge) = = (v (G ge )
€ 1 € 1 €
(G0 = PF2) Gy + = Ve (Bge) = — (Glo* = PF2) (G ae )
where A(v) = v®v — 5|v|°I and B(v) = |v|?v — 2320, The difficulty
In passing to the limit in these is that the fluxes are order 1/e¢. The ap-
proximate motion equation will be integrated against divergence-free test
functions. The last term in its flux will thereby be eliminated, and we only
have to pass to the limit in the flux terms above that involve A and B —
namely, in the terms



Linearized Collision Operator

Now consider the linearized collision operator £ defined by
- 2 - -
Lg = _MB(M’ Mg) = —-29(1,3)
= |1y (@+ 51 =7 = 5) b, vy —v) dw Mydy

One can show that
1 5 5 . . . L
—L : L“(aMdv) — L“(aMdv) is self-adjoint and nonnegative definite ,
a
and that for every p € (1, c0)

1

—L : LP(aMdv) — LP(aMdv) is Fredholm

a

with Null(%ﬁ) = span{l,v,, - ,vp, v|?}.



New Bilinear Estimates

Let = = =(w,v1,v) be in LP(du) for some sufficiently high p € [2, c0)
(p:2for0§ﬁ<2andp>2—Di_|_ﬁfor—D<[3<O). Let g and h be

in L2(aMdv). Then =gy his in L1(du) and satisfies the L1 bound
1

(1=g171) < Cé?<<|—lp>>1< 522 (ah2)3,

where % + z% = 1 and g1 denotes §(v1).

Let Ge = ge(v,z,t) and he = he(v, z,t) be families that are bounded in
(dt: LQ(aMdv dz)). If the family

loc
(agZ) s relatively compact in w-Li (dt; w-L*(dz)),
then the family

=ge1 he s relatively compact in w-Li (dt; w-L(dpdz)).



Compactness of the Flux Terms

Because (¢ A) = Oand (¢ B) = Oforevery ¢ € span{1,v,---,v,,|v|?},
and because + A and * B are in LP(aMdv) for every p € (1, 00), there
exist A and B in LP(aMdv) for every p € (1, c0) that solve

LA=A, Al span{1, v, - - ,vD,|v|2},

LB =B, Bl span{1, v, - ,’UD,|’U|2}.

Let £ be any entry of either A or B and let ¢ = ££. Then

(£Ge) = (L) Fe) = (€LFe) = (€ (Ge+Fer —G. —T1) )
Next, introduce the symmetrically normalized collision integrand g¢ by

e = de L 1 GlelG/e_GelGe
°" N/ NINgNe €2 N/ N!NgN¢ '’




and define T, by
1
€
The flux moments decompose as
L, . J,a L _ R
z <§ g€> — <<(£ — @ gelg€>> — <<£ QE>> + <<€ Te>> :
The first term in this decomposition is quadratic in g, the second is linear in
ge, While the last is a remainder. We control each of these terms separately.

(Ge + Ger — 60— §l1) = §118. — GerGe — Ge + Te.

Our nonlinear compactness result and our bilinear result imply that

<<€T€>> — 0 in Llloc(dt; Ll(dx)) ase — 0.

This controls the last term in our flux moment decomposition.



We then show that as ¢ — 0 one has

<<§A§€>> — (EA) Ypu+ (EB)- V0 in w-LZQOC(dt; w-L2(dz)) .

This controls the linear term in our decomposition. In particular, we see

that as ¢ — 0 one has
(Ag) — v [%u+ (%)T|  inw-L2 (dt;w-L2(da; RPVD)),

(dt; w-L2(dz; RP)),

loc

<<E3 zj€>> s kL0 in w-L2

loc

where v and « are given by the classical formulas.

Our nonlinear compactness result and our bilinear result imply that

<<(§’ — &) §€1§€>> is relatively compact in w-Li (dt; w-L1(dz)).

This controls the quadratic term in our decomposition, whereby the flux
moments involving A and B are similarly relatively compact.



Convergence of the Densities

The densities in our approximate motion and heat equations are
Nwge) and ((5]v]* — PF2) ge)

where MM is the projection onto divergence-free vector fields in L2(dxz; RP).
These are convergent in w-L2 (dt; w-L?(dx)).

We use the Arzela-Ascoli Theorem and the just established flux controls to
establish that as ¢ — O one has

M{vge) — u in C([O,oo);w-LQ(d:U;RD)),
(5|2 = BE2) gy — B220  in 0([0, 00); w-L2(dx)) .

The density limits asserted in the Weak Limit Theorem then follow.



Convergence of the Quadratic Flux Terms

Now, we concentrate on the passage to the limit in the quadratic term in
our flux moment decomposition. This term has the equivalent forms

(@ =D Gade) = (&(17. — Garde) ) = (£ Q(Fe, o) ) -
We decompose g¢ into its infinitesimal Maxwellian Pge and its deviation
PLg as
ge = Pge + P e,
where P1 = I — P and P is defined by
PG = (@) +v- g + (30 - 2)(HlvP - 1)F).

We then use entropy dissipation estimates and the coercivity of £ to show
that (a(P-g.)?) vanishes as e — 0.



When this decomposition is placed into the quadratic flux term, it yields
(E£Q(Ge, Ge) ) = (€Q(PGe, PGe) ) + 2 (€ Q(PGe, P1Ge) )
+ (£Q(P*Ge, P1Ge)).

The last two terms above vanish as ¢ — O (by our bilinear bounds) because
(a(PLGe)?) vanishes as € — O.

Because Pgc is an infinitesimal Maxwellian, we can express the first term
above as

(€Q(Pge, PG = 3(€£(P5.)”) = 3{(PYe) (Pac)”)
— %(g A> ) (ﬂe X ﬂe) —+ <£ B> . ﬂege + %<§ C> §€2 3

where C(v) = Ljv|* — 2F2|y|2 4 2+2) gng

pe = (Je) » te = (v Ge) , Oc = <(%|U|2 —1)ge).



We thereby have reduced the problem to passing to the limit in the terms

e ® e,  Gele, 02 (7)
We are unable to pass to the limit in the above terms in full generality.
Rather, we can show that

im NV (e ® fie) = NV (u @ u)
=0 _ inw-L} (dt; D'(TP)),
im V- (eeae) = V- (Ou)
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where MM is the projection onto divergence-free vector fields in L2(dxz; RP).
It follows that

lim N¥- (AQ(PGe, Pde)) = NV (u @ u)

- inw-Li (dt; D'(TP)).
lim V- (B Q(Pge, Pge) ) = P42 (0u) Loc

We thereby obtain the limiting fluxes for the Navier-Stokes-Fourier motion
and heat equations, thereby completing our proof.



5. Open Problems

Establishing the limit for

1
_plge.
€

This would require figuring out how to pass to the limit in 562 In the
above proof, but perhaps there is another way to do it.

Establishing the local Leray dissipation inequality in the limit.
Looking for additional regularity for Leary solutions in the limit.

Don’t forget the open problems mentioned last time!



Thank you!



